NONLINEAR ELLIPTIC DIRICHLET AND NO-FLUX 
BOUNDARY VALUE PROBLEMS 
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Abstract. This paper is devoted to establishing results for semilinear elliptic 
boundary value problems v^here the solvability of problems subject to No Flux 
boundary conditions follows from the solvability of related Dirichlet boundary 
value problems. Throughout it is assumed that the nonlinear perturbation 
terms are gradient dependent. An extension of No-Flux problems is discussed, 
as well. 

To Jean-Happy 70th Birthday 



1. Introduction 



Let 



/ : [0, 1] X R X R ^ M 

be a continuous function, sucli that for every M > there exist constants a and b 
(depending on M) so that 

\f{t,u,u')\<a + b\u'f, [0,1], \u\<M, 

(/ satisfies a Bernstein - Nagumo condition), then the periodic boundary value 
problem 

(1.1) - u" = fit, u, u'), u{0) = u(l), u'(0) = u'(l), 
has a solution u such that 

a{t) < u(t) < l3(t), <t<l, 
whenever a and /3 are sub - and supersolutions (upper and lower solutions), with 

a{t) < (3{t), < t < 1, 

i.e. 

(1.2) - a" < fit, a, a'), a(0) = a(l), a'(0) > a'(l), 

(1.3) - f3" > fit, 13, 13'), m = Pil), 13' iO) < /3'(1). 

This is an old result and essentially goes back to Knobloch [11]; several alternate 
proofs (covering more general cases than those in [TT]) were given later, e.g., [52], 
[23], cf., also [7]. Higher dimensional analogues of the periodic boundary value 
problem (the no flux problem were introduced later ([2]) and several examples 
(with / independent of gradient terms) were studied in [1] , [13] , [H] , [17] , [18] , [24] ; 
see also [6]. 
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Our main purpose in this paper is to establish a new version of sub-supersolution 
theorems when is replaced by the following no-flux problem 



(1.4) 



—dYv[a{x,u)'Vu\ = f{x,u,Vu) in f2, 

u — constant on 951, 

a{x,u)dyuda — 0, 
an 



where is a smooth bounded domain in M^, iV > 1. It is to be noted that 
the constant value of the boundary data is not specified and corresponds to the 
one-dimensional case m(0) = whereas the requirement in one dimension that 
u'(0) — corresponds to the boundary integral term, in the case that a = 1. 

The approach to prove our sub-supersolution theorem for (|1.4[) is to solve a family 
of Dirichlet problems for the same equation and then establish that at least one of 
these solutions satisfies the boundary condition above. We therefore shall introduce 
first a sub-supersolution theorem for a Dirichlet problem; this will be done in Section 

SI 

The property that 



a{x,u)d,yuda > / a{x,v)d^vda 
an Jan 

for all u,v £ H^{fl) with u < v and u = v on dfl will play an important role in 
the existence proof. This motivates us to introduce a generalization of (|1.4[) by 
replacing the boundary expression above by a map that shares this property and 
we shall state a sub-supersolution result for this generalized problem, as well. 

We mention that the main points, which make the equation under consideration 
interesting, are the gradient dependence of the nonlinear term / and the presence 
of weight a{x, u). We cite the papers of Callegari and Nachman Ti'S^ and Fulks and 
Maybe [9 , including some of their references, for providing physical situations from 
which problems involving the gradient dependence arise, and the paper |15j , where 
degenerate (near the boundary) nonlinear elliptic problems have been studied. 



2. General settings 
We shall assume, as in Section [l] that a is a smooth function with 

(2.1) a(x,s)>l, 
for all x e f2 and s G M, and that 

(2.2) a{x,s) <ai{x)\s\+bi{x), 

for some ai £ L°°(il) and bi e i^(51). Under these two conditions, the map 

A : 17 X M X ^ 

{x,s,p) I— > a{x,s)p 

satisfies the Leray-Lions conditions (see [H]). 

We recall here the concept of the class (S'+), which was introduced in [3] (see 
also [S]). 

Definition 2.1. We say that L : HQ{n) — s> H^^{n) belongs to the class (5+) 
provided that for all sequences converging weakly to u in Hq{^), then Un 
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converges strongly to u in -ffo(f2), whenever 

(2.3) lim sup (£u„ , ii„ — u) < 0. 

The following lemma holds. 

Lemma 2.2. Let T : Hl{Vl) —5- Hl{Vl) he continuous. Assume that T{Hl{Vl)) is 
hounded in L°"(fl). Then the map At defined hy 

(2.4) {Atu,v) := / a{x,Tu)VuWvdx, 

Jn 

for all u,v G H^[^l), is continuous and helongs to the class (S'+). 

Proof. The continuity of At is obvious because A satisfies the Leray-Lions condi- 
tions. Hence, we only provide the proof of the second assertion. 

Let {un} C i?o(^l) n L°°(fl) converge weakly to u in i/o(r2) and be uniformly 
bounded in L°°(ri). We have 



||Wn - < J a{x,TUn)y{Un - u)y{Un ~ u)dx 

= / a{x,Tun)VunV{un ~ u)dx ~~ / a{x,Tu)Vu\7{un — u)dx 
Jn Jn 

(2.5) + / {a{x,Tu) — a{x,Tun))Vu\/{un ~ u)dx. 



Using Holder's inequality, we see that the third integral in the right hand side of 
(|2.5p converges to as n — > oo. In fact, 

(a(x, Tu) — a{x, Tu„))VuV(u„ — u)dx 



< iaix,Tu)-a{x,Tun)y\yu\''dxj {\\7{un - u)\^dx 

which tends to because of the boundedness of {|V(m„ — u)\} in L'^{n) and that 
of the set T{HQ{n)) in L°°(il). It follows from the weak convergence of u„ to u in 
HQ{n), that the second integral of the right hand side in (|2.5|) tends to 0. Now, 
taking lim sup of both sides of the inequality (j2.5p and recalling (|2.3|) , give us the 
strong convergence of w„ to u in Hq{Q). □ 

Throughout this paper, two continuous functions u and u, defined on fl, are said 
to be well-ordered if u{x) < u{x), for all x G f2. 

Let / : n X R X — >■ R be a Caratheodory function. In this paper, we assume 
that / satisfies a Bernstein- Nagumo condition on [u, Ti] for some well-ordered pair 
of functions u and u in C(f7), i.e., there exist a2 G L^{il) and 62 G [0, 00), both of 
which are allowed to depend on u, u, such that 

(2.6) |/(x, s,p)| < 02(2;) +62IPP for aU X G l^,s G [u(a;),u(a;)],p G M^. 

With a and / in hand, we establish a sub-supersolution theorem for the equation 

— div[a(a;, u)Vm] — f{x,u,\Iu) in 17, 

subject to Dirichlet boundary conditions and then apply it to obtain a sub-super- 
solution theorem for the problem containing the same differential equation and the 
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Dirichlet boundary condition replaced by a no-fiux one; i.e., 

(2.7) / a{^,u)d^uda = 0, 

Jdn 

where da is the surface measure defined on dfl and v denotes the outward normal 
unit vector field to dfl. 



3. The Bernstein-Nagumo condition and its consequences 

Motivated by [1^1 [H] and their references, we wish to establish H^{n) a priori 
bounds and the boundedness in Hq{^1) for the family of functions {u} C i?o(i^) n 
L°°(57) satisfying 



(3.1) 



a{x, u)Vu\/vdx 



< / ia2 + b2\S7u\-')\v\dx, 



n 



for all V G (^1) n L°°{n). Although the results look similar to those in [21], they 
may not be directly deduced from the results of that paper because of the presence 
of the weight function. However, the proof in 21 may be used for the case under 
consideration and we present it in this section to emphasize the beauty of the test 
functions used (see [25]) and for completeness' sake. 

Assume that there are two well-ordered continuous functions u<u. Let u satisfy 
([311) with u e [u,u]. Fix t > 0. Using the test function vt = e*"\ e H^{n)r\L°° (n) 
gives 



e*" (2tu2 + l)|Vup(ia; < e^"" {2tu^ + l)a{x,u)\Vu\'^dx 

Jn 

< f {a2 + b2\\7u\^)e*'''\u\dx. 
Jn 



in 

It follows that 

„tu^ /'r)j.„,2 I 1 1, L,IMV7„.|2 J„ ^ l\,T„tM'' 



e 



n 



{2tu' + 1 - b2\u\)\Vu\'dx < Me"' ||a2||Li(n) = C(M), 



where 



M = max{||u||i»(o), ||u||L=o(f2)}. 
We have written C{M), instead of C(M, ||a2||Li(n)), because a2 may itself depend 

, 2 

on M. Noting that e > 1 and choosing t large, we have the following theorem. 

Theorem 3.1. Let u and u be a well-ordered pair of continuous functions. Then 
there exists C > 0, depending on u and u, such that for all u G iJo(O) n L°°{n) 
which solve \3.1]) with u € [u. It] , 

(3.2) Mnlin) < C 



Theorem 3.2. Let u,u be as in Theorem\^ The set {u} C HI{VL) n L°°{n) of 
solutions to i3.1\) with u G [u,u] is compact in HqITI). 
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Proof. Let {un} be an arbitrary sequence in the set of solutions to p.ip of the 
theorem. Applying Theorem 13.11 we obtain the boundedness in i?o(ri) of {un}. 
Assume that 

Un ^ u in Hq{D,), 
Un ^ u in i^(r2), 
Un ^ u a.e. in f2, 

for some u G H}^{U,). It is obvious that u G [m, It]. 

Using vt = (u„ - -u) e Hl{n) n L°°(f7) as a test function for ([311]), we 

have 

' e*(""-")'(2tK - uf + 1)1 VK - u)|2dx 

< / e*(""-")'(2i(u„ -u)^ + l)a(2;,M„)|V(u„ -u)|2da; 

< / e*(""-")'(a2 + &2IVK - w)p)|u„ - w|da;. 
Jo 

Letting Af = ||m — lt||L°°(o) gives 

S*(""-")'(2t(M„ - W)2 + 1 - h2\Un - u\)\V{Un - u)\^ dx 

< e*^^ / a2\un — u\dx. 
Jn 

The right hand side of the inequality tends to for alH > by an application of 
Holder's inequality. Choosing t large, we obtain the strong convergence of {u„} to 
u. It is not hard to verify that u is a solution of p.ip . □ 



e 

o 



The remark bellow explains how to link the Bcrnstein-Nagumo condition to the 
equation under consideration and inequality (j3.ip . 



Remark 3.3. Let u and u, with u < u, be two given continuous functions and let 
f satisfy a Bernstein- Nagumo condition on [u, u]. If u £ [u, u] is a solution of 

I — div[a{x, u)Vu]| < \f{x, u, Vw)| 



in the classical sense, then iS. 1\) is obviously true; therefore, \3. 2\) holds and the set 
of such functions {u} is compact in Hq{Q). 

4. A SUB-SUPERSOLUTION THEOREM FOR DiRICHLET BOUNDARY PROBLEMS 

During the last several years we have studied sub-supersolution theorems for 
boundary value problems (and other types of boundary conditions, like Neumann 
or Robin) [TSl [HI [ISl [201 [IS]- In these papers, we paid attention to the case that 
the principal part does not depend on u. Hence, the presence of the weight a{x, u) 
makes the results in this paper somewhat more general, although the arguments 
used to verify them are not significantly more complicated. 

Let us recall the concepts of weak subsolution, supersolution and solution to the 
problem 

-div[a{x,u)Vu] = f{x,u,Vu) in il, 
u — {) on dVl. 



(4.1) 
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Definition 4.1. The function u e H^(Vl) is called a weak suhsolution (supersolu- 
tion) of 1^. j[ j if and only if: 

i- u\9n < (>)0, 

ii. for all nonnegative functions v G Hq^H) n L°°(ri), 



M)VuVf c?x < (>) / f{x,u,Vu)dx. 
Jn 

Definition 4.2. The function u G _ffg(il) is a weak solution if, and only if, 
a{x,u)S/uVvdx ~ / f{x,u,Vu)vdx 



for all V e H^{n)r\L°"{n). 

We have the theorem. 

Theorem 4.3. Assume that has a suhsolution u and a supersolution u, both 

of which are in C^(f2). Assume further that 

i. w < u m il, 

ii. / satisfies a Bernstein- Nagumo condition on [u,u]. 
Then, j[ ) has a solution u G C^(f2). 

The proof of this theorem is a combination of arguments used in [15| I16| I18j , 
where the dependence of / on the gradient term Vu was not assumed and those in 
|19) , where / may depend upon Vw. 

Proof of Theorem \4^.S\ Define 

hn{p)-=^tp_ jpjj^ foralln> 1,pgR^, 

and 



Tu :~ max{min{u, m}, m} for all u G i?Q(r2). 

It is obvious that T : Hq{VI) Hl{Vi) is continuous and T{Hl{Vl)) is bounded in 
Hence, the map At, defined in (|2.4p . is of class (5'+) by Lemma [2?2l 
Consider the map : Hl{^) — > H^^[il), defined by 

{CnU,v) := I a{x,Tu)VuS/vdx ~ / f{x,Tu,hn{VTu))vdx. 
Jn Jn 

It follows from the continuity of T and At and the growth condition of / in (|2.6p 
that Cn is demicontinuous; i.e. if Um — )• m in HQ{n) as m — > cxd, then 

lim {CnUm,v) = {CnU,v). 
m— >C30 

Moreover, since At is of class {S+), so is because of (|2.6p . Moreover, since 
the weight a is such that a > 1, is coercive. Employing the topological degree 
defined by Browder [3] and arguing as in ^1], we can find a zero of in HQ{fl), 
called Un- In other words, m„ is a solution of 



(4.2) 



-div[a{x,Tun)Vun] = f{x,Tun,hn{"^Tun)) in fi, 
u„ = on 9f2. 
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We next prove that u„ G [u,u], for n sufficiently large. In fact, using the test 
function v — (u„ — u)+ G (i^) in (|4.2[) gives 



a(a;, u)Vu„V(m„ — — j a{x,Tun)yuny{un —u)~^dx 

f{x, Tun, /i„(VTm„))(-u„ - u)~^dx 
f{x,u, /i„(Vu))(u„ -u)^dx. 

Jn 

We now consider n so large such that 

(4.3) n > max{||Vu||ioo(s;2), || Vu||i=o(Q)} 

and therefore 

hn{Vu) — Vm. 

This implies 



a{x , u)V {un — u) dx = / f{x,u,Vu){un—u) dx 

< / a{x,u)Vu'S/(un — u)^dx 
Jn 

and 

a{x,u)'V\{un — u)'^\'^dx < 0. 



We have obtained u„ < u a.e. in il. Similarly, with n satisfying (|4.3p . u„ > u. 
Since u„ G [u, m], Tun = m„ when n is large. For such n, u„ solves 



(4.4) 



-div[a(a;,-u„)VM„] = f{x,Un.,hn{Vun)) in fi, 
M„ = on 9f2. 



Noting that \hn{p)\ < |p| for all p G M^, we see that u„ satisfies ()3.ip . Hence, 
by Theorem 13.11 and Theorem 13. 2[ u„ — > u in H}^{VL) for some function u, which 
is obviously a solution to (j4.ip . Moreover, the zero boundary value of u and the 
uniform boundedness of u imply that u G C'^{Vi) (see [T^). □ 

Remark 4.4. T/ie requirements for the pair of suh-supersolution in Theorem 
\4.3\ is necessary because of \4.S^ . In the case that f does not depend on Vu, this 
smoothness condition can be relaxed. 

By a simple substitution, say v — u — c for any constant c, we have the following 
theorem. 



Theorem 4.5. Assume that 
(4.5) 



-div[a{x,u)Vu] = f{x,u,Vu) in Vl, 
u = c on 90 

has a subsolution u and a supersolution u, both of which are in C^(f2). Assume 
further that 

i. u in n, 

ii. / satisfies a Bernstein- Nagumo condition on [u, u]. 
Then, \4-5^ has a solution u G C^(f2). 
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In the theorem above, u G (57) is a subsolution of (|4.5p if and only if w = m — c 
is a subsolution of 

— div[a(a:, w + c)Vv] = /(a;,u + c, Vf) in f2, 
V = on 



The concepts of supersolution and solution to (j4.5p are defined in the same manner 

5. A SUB-SUPERSOLUTION THEOREM FOR NO-FLUX PROBLEMS 

In this section, we are concerned with 



(5.1) 



-div[a(x, m)Vu] = /(a;,u, Vu) in fi, 
u = constant on 9f2, 

on 



where the constant value of u on dfl is not specified. This suggests to use the 
functional space 

(5.2) V ^ {v e H^{n) : v\dn = constant} 



to study (|5TT|) . 

If M G C^(57) n C^{fl) is a classical solution to 

(ro\ j — div[a(a;, u)Vu] = f{x,u,Vu) in il, 

[ u — c on 957, 

where c is a constant, then 



(5.4) / a{S^,c)duuda = — j f{x,u,'Vu)dx 

Jan Jn 

by the divergence theorem. We have the following lemma. 

Lemma 5.1. If u ^ H^{n) nL°°(ri) solves equation i5.3\} in the weak sense, the 
identity |5.4|j is still true. 



Proof. Since u E L°°{fl) and u\gn, u belongs to C^(S7) (see [H]). This explains the 
well-definedness of the boundary expression in the left hand side of (|5.4[) . 
For n > 1, define the function 



a„(s) 



s < s < i 
lln s> 

and for each a; G S7, let 8[x) denote the Euclidean distance from x to 957. It follows 
from the smoothness of 9f7, that 8 is smooth on a neighborhood of 9f7 (see ^lOj). 
Using 

x;„ = a„ o ^ G i?o(f7) n L°°(17) 
as a test function in the variational formulation of (|5.3p gives 



(5.5) n / a(a;, w)VuVfn(ia; = n / f{x,u,yu)vndx 

Jqi Jn 

n 

for all n > 1, where 

fli ^ I X e : S(x) < - 
n 
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It is obvious that 
(5.6) lim n I f{x,u,'Vu)vndx— I f{x,u,Vu)dx. 



We next evaluate the hmit of the left hand side of (I5.5P as n — > cx) by the method 
of substitution. For each n large, define the map P that sends x g fij. to {£,,p), 
where ^ is the projection of x on dQ and p — S{x). The map P~^{S,, p) is given by 

i(,p)^^-pm- 

Thus, if we let be the tangent space to dft at ^ and B{^) be the orthonormal 
basis of R^, defined by an orthonormal basis of and then 



matBi^){DP-\^,p)) = 

Hence, 



Id + pDv{C) 
* 1 



do. Jo 



det DP-\t p) = 1 + pdivDi^iO + 0{p^) = 1 + 0{p) = l + , 

because divDi'{^) does not depend on n. We now write the left hand side of (|5.5p 
as 

a{x, u)'S/u\7vndx 



aii + pv{0, u)Vu{i + pv{^))a'M'^5{£, + pv{0) 

X dct DP-^{i + pv{£,))dpda 

a{i + pv{i), u)Vu{i + pyma'MV5{i + pv{i)){\ + O {-\ dpda. 

We observe that when x is in ilj., a'j((5(x)) — 1 and V((5(x)) = — hence we 
may let n — 00 to obtain 

lim n / a{x,u)\7uVvndx = — / a(^, u) VitJ^dcr. 
Jn^ Jan 

This, together with ([531) and ((5?^ . shows ((5^ . □ 

We next discuss the concept of subsolution and supersolution for (|5.ip . 

Definition 5.2. T/ie function u G V^nC^(f2) is called a subsolution (supersolution) 
to 15. j|) j/, anc? onZ?/ j/, 

i. for all nonnegative functions v G iJo(il) H L°°(ri), 



a{x,u)yu\7vdx < (>) / f(x,u,yu)vdx, 
Jn 

a{^,u)d^uda < (>)0. 



Definition 5.3. The function u C\ C^(ri) is called a solution to i5.1\] if, and 
only if, 
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i. for all functions v G i?o(ri) n L°°{^), 

a{x,u)'VuVvdx — / f{x,u,'Vu)vdx, 



n 



a{^, u)d^uda = 0. 

do. 

The following is our main result in this section. 

Theorem 5.4. Assume that 1^5. 1\) has a subsolution u and a supersolution u. As- 
sume further that 

i. u <u in n, 

ii. / satisfies a Bernstein- Nagumo condition on [u, u]. 
Then, \5.1\) has a solution u S C^(f2). 

Proof. Let a = u|aa and (3 = u\dn- For each t e [0, 1], define 

cj = t/3+ (1 - t)a. 
Applying Theorem 14.51 we can find ut G C^{il) solving 



(5.7) 



-div[a{x,ut)yut] = f{x,Ut,Vut) in 17, 
Ut — Ct on (?r2. 



Let Ut be the set of such solutions ut and U = [Jte[o,i\Ut- Let (respectively C/^) 
denote the set of solution ut of (j5.7|) so that 



/ a{^,u)d^da < (respectively >)0. 
Jan 



Suppose that (|5.ip has no solution staying between u and u. Then 

Theorem 13.21 implies that U is compact in H^{il). This, together with Lemma [O] 
shows that both and are also compact in H^{p.). 
If u E Uq then tt = u on d^l and, since u > u, 

a{^,u)d,^uda < / a{S,,u)duuda < 0, 
on Jon 

and hence, because of our assumption, 

/ a(^, u)di,uda < 0. 
Jdn 

Similarly, if u G ?7i, then 

a(^, u)d^uda > 0. 

Jdfl 

Let 



on 



= snp{t e [0,1] : ut G C/^}. 

The compactness of shows that there exists a solution ut, E If-^ Ci Ut, ■ Consid- 
ering Ut, and u as a pair of subsolutions and supersolutions to (jS.Tp with t G (i*, 1) 
gives us a decreasing sequence of solution u'"^ to ()5.7p with u^"^|ao \ Ct, with 
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> ut^ ■ Denote the Hmit of this sequence by vt, . The compactness of 
implies that vt, G n Ut, , and we now get the contradiction 

0< / a{x,Vt^)d,jVt,da < / a{x,Ut,)d,yUt,da < 0, 
Jon JdQ 

which completes the proof. □ 

6. A GENERALIZATION OF THE NO-FLUX PROBLEM 



We shall next derive a result similar to Theorem 15. 41 for the more general bound- 
ary value problem 

{— div[a(a;,u)Vu] = f{x,u,Vu), mil, 
u ^ c on dfl 

= 0. 

where 

is a functional satisfying assumptions spelled out below in Assumption 16.41 

Remark 6.1. As usual, a weak solution u of 16. 1\) belongs to H^{fl). Assume that 
c = u\dQ. Denoting by b the map x M- a{x,u{x)), we can apply the standard rules 
in differentiation to verify that u satisfies the problem ( in the unknown v ) 

f(x,u,Vu) + VbVu 




3.2) 



b 

c on dfl. 

Since any solution of the problem above is in H^{il) (see (10, ]. so is u. This explains 
how to define the term $(u) in \6. l\l when the domain of ^ is H^{fl). 

The following lemma will be useful. 

Lemma 6.2. Assume that <i> is continuous. Let u and u be a well-ordered pair of 
continuous functions on fJ. Let (resp. ) be the set of all solutions in [u,u] 
to 

'div[a{x,u)\Iu\ ~ f{x,u,\Iu) in fl, 
u = constant on £7, 

with $(m) < [resp. >)0. /// satisfies a Bernstein- Nagumo condition on [u,u], then 
U~ and are both compact in H^{fl). 

Proof. Let be a sequence in . Theorem 13. II and 13.21 help us find a solution 
u of (|6.2p with Un ^ u in H^{fl). Repeating the arguments in Remark |6.1[ we see 
that u G H'^{Vl) and therefore $(u) is well-defined. Hence, proving $(u) < is 
sufficient to the compactness of U~ . 

For all n > 1, it is not hard to see that w„ solves 

/(x,w„, Vu„) + V6„Vu„ . 

-Au„ = ^ m i2, 

K 

Un = Cn on dVL. 

where c„ is a constant and bn{x) = a[x, u„(x)). Letting w„.„i = Un — Um, we have 

^'^n,m — Qn.m hi Vt, 

^n^m — On 0^. 
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where 



It follows from the continuity of a, the Bernstein-Nagumo requirement on / and 
the Cauchy property of {u„} in H^{V,) that ||5m,Ti||L2(f2) 0. Applying the 
regularity results in [TU], we have ||'ym,Ti||//2(s-2) 0, which shows {«„} is Cauchy 
in H^iVl). Its limit must be u. By the continuity of $, ^{u) < 0. 

The compactness of can be proved in the same manner. □ 

We again need the notion of sub- and supersolution for (|6.ip . 

Definition 6.3. A function u G V is called a subsolution (resp. supersolution) of 
h6.1\) if, and only if: 

i. for all nonnegative functions v G Hq{Q,) D L°°{ fl), 

a{x,u)'Vu\7vdx < {>) / f{x,u,'Vu)vdx, 
o Jn 

ii. <^{u) < (>) 0. 

In the definition above, we employ again the functional space V in the previous 
section. 

We shall impose the following assumption on the functional $. 

Assumption 6.4. The functional $ is continuous and satisfies: If u,v G H^{VL) 
are such that u <v in Q and u = v on dQ, then <I>(u) > 

We next establish a theorem similar to the result about the no-flux problem 
(assuming conditions as before on /) 

Theorem 6.5. Assume there exist functions u,uE V r\ C^(f2) which are, respec- 
tively, sub- and supers olutions of h6.1\) and satisfy 

u{x) < u{x), X £ n. 

Let the functional $ satisfy As sumption ] 6. 4\ and assume that \ f\ satisfies a Bernstein- 



Nagumo condition on [u,u\. Then there exists a solution u of \6. 1\) such that 

u{x) < u{x) < u{x), X £ il. 

Proof. Let 

u\{x) := (1 — X)u{x) + \u{x), X E 
and for any As [0,1] consider the Dirichlet boundary value problem 

, . r -diY[a{x,u)Vu\ = f{x,u,Vu), in fi, 

1^ u — u\, on 9ri. 

Since u and u are, respectively sub- and supersolutions of (j6.1l) . then for any such 
A they are, respectively, sub- and supersolutions of (|6.3|) . as follows from the defi- 
nitions. We may therefore conclude from Theorem 14 . 51 that each problem (|6.3p has 
a solution u gV with 

u{x) < u{x) < u{x), X G ri. 
Let us denote, for each such A, by U\ the set of all such solutions. It follows from 
Theorem [3:21 that 

U Uo<x<iUx 
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is a compact family in H^{fl). By Remark 16.11 we have that U C H^{ft). We claim 
that there exists A G [0, 1] and a solution u E Ux oi (|6.3|) such that 

= 

and hence that u is a solution of (|6.ip . This we argue indirectly. As in Lemma |6.2[ 
let 

U- = {ueU ■.0< 

and 

U+ ^{ueU : > 0}, 
These two sets are nonemppty because Assumption 16.41 implies Uq S and ui S 
C/+. Further, if we let 

A = sup{Ae [0,1] - ux e U-}, 

then, using the compactness of the families and t/+ , Theorem 14.51 and our 
assumption, we conclude that for this value A there must exist solutions u,v Cz Ux 
with u e U~ and v G C/+ such that 

u{x) < v{x), X n. 

This, however, will imply the impossible statement 

< < < 0. 

The contradiction, arrived at, concludes the proof. □ 

Remark 6.6. Let u, u and f be as in Theorem 1 6. 5\ with the condition that both u 
andu take constant values on dQ can be generalized to the case that u\gn andu\gn 
are the traces of two H^{il) functions on dfl. By the same arguments above, we 
can find a solution in H'^{n) to 

J —div[a{x,u)\7u] — f{x,u,\/u) in 
\ $(w) = 

with u\dfi being a convex combination o/u|go andu\gQ. 
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